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We prove that the entanglement of formation is equal to the asymptotic entanglement of formation
for bipartite density matrices in arbitrary dimension that are mixtures of a maximally entangled
state and the completely mixed state. This implies that the entanglement of formation for these
density matrices is additive. As a side result we nd an expression for the entanglement of formation
of these states in arbitrary dimension.
One of the main goals in quantum information theory
is to develop a theory of entanglement. This involves
determining the rules for entanglement processing by,
say, two entanglement sharers Alice and Bob who are
restricted in their operations. In particular, one consid-
ers the scenario in which Alice and Bob share a supply
of n pure or mixed states ⊗n which they would like to
convert by Local Operations and Classical Communica-
tion (denoted as LO+CC) to a supply of k (where k can
either be smaller or larger than n) other mixed or pure
states ⊗k.
The simple question that underlies many studies in
bipartite entanglement is: what properties of these two
sets of states make it possible or impossible to carry out
such a protocol? In the case of pure state convertibility,
it has been found that some aspects of this problem can
be understood with the mathematics of majorization [?].
In the case of mixed state entanglement the theory of
positive maps has been shown to play an important role
[?].
The earliest work on this question [?] started by den-
ing a measure of entanglement. One important feature
of a good measure of entanglement of a bipartite density
matrix  is that it cannot increase, on average, under
LO+CC by Alice and Bob. In this way, the entangle-
ment captures the truly quantum correlations in a bi-
partite density matrix which cannot be enhanced by lo-
cal operations or classical communication. The following
measure, which is called the entanglement of formation
E1, was introduced in Ref. [?]. For pure states it reads
E1(j ih j) = S(TrB(j ih j)); (1)
where S() is the von Neumann entropy of , i.e. S() =
−Tr  log  and TrB(j ih j) is the reduced density ma-
trix which we obtain by tracing out over Bob’s quantum
system. Let E = fpi; j iig be an ensemble of pure states
such that  =
P
i pij iih ij. The entanglement of forma-
tion for mixed states  is dened as
E1() = minE=fpi;j iig
X
i
piE1(j iih ij): (2)
It is the minimization in Eq. (2) which makes an analytic
computation of E1() a nontrivial task. Wootters [?]
has determined the expression for the entanglement of
formation E1() of a bipartite density matrix in H2 ⊗
H2 (a two-qubit Hilbert space). In higher dimensions,
there are no entangled density matrices for which the
entanglement of formation has been determined (ofcourse
E1() = 0 for unentangled density matrices).
What the entanglement of formation measure intends
to capture intuitively is how much pure entanglement is
needed for Alice and Bob to make the density matrix 
by LO+CC. For pure states the entanglement of forma-
tion E1 is indeed a good measure of the entanglement
costs of making the state [?]: if we are to make n copies
of a pure state j i with arbitrary high delity, then as
n!1 the amount of entanglement needed per state j i
can be made arbitrarily close to E1(j ih j) bits of entan-
glement. Thus for pure states E1 has a physical interpre-
tation in terms of asymptotic entanglement costs. For
mixed states E1() forms at least an upperbound on the
asymptotic entanglement costs. The question of whether
E1() for mixed states  is equal to the asymptotic entan-
glement costs was posed in Ref. [?], but no progress has
been made in answering it until now. In this Letter we
will settle this question for a class of mixed states, mix-
tures of a maximally entangled state and a completely
mixed state in arbitrary dimension; that is, we will show
that for these states E1() equals the asymptotic entan-
glement cost of making the state, E1().
Let us now properly dene this asymptotic entangle-
ment cost, the asymptotic entanglement of formation of
a density matrix , E1(). In words, we would like to
say that the asymptotic entanglement of formation E1
of a density matrix  is the minimum number of EPR
pairs per copy of  which are needed to make an arbi-
trarily high delity approximation of the density matrix
⊗n. We can use the denition of asymptotic reducibility
in Ref. [?] to dene
E1() = min

E j 8 > 0;  > 0; 9 p; n;SLO+CC ;
jEn=p− 1j   and ;
D(SLO+CC(jΨ2ihΨ2j⊗p); ⊗n)  
}
; (3)
where jΨ2i is some maximally entangled state inH2⊗H2,
1
SLO+CC is an LO+CC superoperator andD is a distance
measure between density matrices, for example the trace
distance D(1; 2) = jj1−2jj1 where jjAjj1 = Tr
p
AyA.
Let us comment on how the relation between E1 and
E1 relates to the additivity question of E1. This is based





We can prove this by showing that the value of the en-
tanglement of formation E1(⊗n) for a given n gives rise
to a particular SLO+CC as in Eq. (3) and therefore an
upper bound on the asymptotic entanglement cost [?].
If we nd for a class of states F that E1 = E1 then
it follows that
E1(F ⊗ F ⊗ : : :⊗ F| {z }
n
)  nE1(F ) = nE1(F ); (5)
where the inequality follows from using the optimal single
copy ensemble EF n times. If E1(⊗nF ) would be strictly
less than nE1(F ) = nE1(F ) then we would obtain a
contradiction with Eq. (4). Thus it follows that when
E1(F ) = E1(F ) it must be that for all n = 1; 2 : : :
E1(⊗nF ) = nE1(F ); (6)
i.e. the entanglement of formation is additive for these
states F .
We will start by dening subsets of density matrices
which can be viewed as generalizations of the Schmidt
number sets which were introduced in Ref. [?]. We will
use the conventional notation for majorization, i.e. let
~1 and ~2 be two n-dimensional vectors with real non-
negative coecients which are ordered 11  21  : : : 




1 = 1 (and similarly for ~2). We will
call these vectors Schmidt vectors. If ~1 majorizes ~2 we
write







Let us dene the convex compact set S~ where ~ is
a n-dimensional Schmidt vector, as the set of bipartite
density matrices  2 B(Hn ⊗Hn) such that there exists
a decomposition of  =
P
i pij iih ij where all vectors
j ii are such that ~ i  ~, where ~ i is the vector of
Schmidt coecients of j ii (It can be shown that these
sets are characterized by so called ~-positive maps and
that they are closed under LO+CC [?]).
What does this denition give us for density matrices
of two qubits? For two qubits we know that the partial
order on the pure states induced by majorization is a
total order, which is characterized by a single parameter,
the largest eigenvalue 1 of the reduced density matrix of
the pure state. Therefore we can characterize the vector
~ with this single parameter 1 and it follows that S1 
S01 when 1 > 
0
1. Moreover, we nd that these set S~
relate to the entanglement of formation of a two-qubit
density matrix:
Proposition 1 The entanglement of formation E1 of a




where H2 is the binary entropy function, i.e. H2(x) =
−x log x− (1− x) log(1− x).
Proof The Wootters formula for the entanglement of
formation [?] tells us that in the optimal decomposition
fpi; j iig of , every state j ii has an equal amount of
entanglement. Therefore if  has entanglement E1(),
the density matrix  must be contained in the set S~
where H2(~) = E1(). Conversely, if  2 S~ then
E1()  H2(~).2
Now we are ready to consider the class of states that
are mixtures of the completely mixed state and a maxi-





1− jΨ+ihΨ+j + F jΨ+ihΨ+j;
0  F  1; (9)
with jΨ+i = 1p
d
Pd
i=1 jiii. We will call these states F -
states (they are generalizations of the Werner states in
H2 ⊗H2). The Schmidt numbers of this family of states
were determined in Ref. [?]. We note the following:











where we maximize over maximally entangled states
jΨi 2 Hd ⊗Hd.
Proof For a pure state j ih j characterized by its
Schmidt coecients fig, the function f equals (see
Lemma 1 in Ref. [?])









If    we have Pdi=1 g(i)  Pdi=1 g(i) for all contin-










since the function g(x) =
p
x is concave. Since  2 S~ we
have f() = maxΨ
P








For the F -states we have f(F ) = F . Therefore







d the density matrix
F 62 S~. We can show that the density matrix F at







d is contained in S~, analogous
to what was shown in Ref. [?]. As observed in Ref. [?]
the states F have the important property that they are
invariant under the operation U ⊗ U for any unitary





dU U ⊗ UU y ⊗ Uy; (13)
which will bring any initial state  into the form of F .
As our initial state we take the partially entangled




ijiii and let SU⊗U operate on this
















which is the desired result.
Before we will consider the asymptotic entanglement
of formation of the F -states we will need to prove two
Lemmas:
Lemma 2 Let j ~i be a pure state with Schmidt vector
~ in d dimensions. The maximally entangled fraction








has the property that
log(d f(j ~ih ~j))  H(~): (15)
Proof We can prove this by noticing that log(d f()) is
equal to the -entropy of the distribution ~ for  = 1=2.







Also, lim!1H(~) = H(~), the regular Shannon en-
tropy. In Ref. [?] it is shown that H(~) is a decreasing
function of  which proves the result. 2
The next Lemma follows directly from results in Ref.
[?] and Ref. [?]. For a rigorous denition of the distillable
entanglement D() we refer to Ref. [?].
Lemma 3 Let F be an F -state in Hd ⊗ Hd with F 2
( 1d ; 1]. The distillable entanglement D(F ) > 0 for all
F 2 ( 1d ; 1], and thus 0 < D(F )  E1(F ) for all F 2
( 1d ; 1].
Proof For F > 1=d the density matrix F is entangled.
Alice and Bob can carry out the distillation protocol in
Ref. [?] to increase the value of F above a certain value
Fhash < 1. Then they can perform a generalized hashing
protocol [?] by which they distill a nonzero amount of
entanglementD(). The asymptotic entanglement of for-
mation E1()  D(), since it is not possible to increase
the entanglement by LO+CC operations. 2
Now are ready to prove the main result:
Theorem 1 The entanglement of formation for a den-
sity matrix F in Hd ⊗Hd, Eq. (9), where d  2 is any
dimension, equals the asymptotic entanglement of forma-
tion, i.e.
E1(F ) = E1(F ): (17)
Proof When F  1d the density matrix F is separable
and thus E1(F ) = E1(F ) = 0. When the asymptotic
entanglement of formation of F in Hd⊗Hd is E1, then
the are integers n(; ) and p(; ) and superoperators
SLO+CC(p;n;;) such that
8 > 0; 8 > 0;
E1n(; )p(; ) − 1
  ; (18)
and
8 > 0; 8 > 0; D(~(p;n;;); ⊗n(;)F )  : (19)
where SLO+CC(p;n;;) (jΨ2ihΨ2j⊗p(;)) = ~(p;n;;).
Since we can convert the state jΨ2ihΨ2j⊗p(;) to the
state ~(p;n;;) exactly by LO+CC, it follows from Propo-





where the maximally entangled fraction f is dened with
respect to a dn(;)  dn(;)-dimensional Hilbert space.
Now we will argue in a dierent direction. We dene ~










When ~ has minimal entropy H(~) under this constraint
C(~) = F we will call this vector ~min. For two qubits,
the vector ~min is unique. Now it follows from the de-
nition of F that
f(⊗nF )  [maxΨd hΨdj F jΨdi]











where jΨdi is a maximally entangled state in d dimen-






Eqs. (18), (19), (20) and (23) are the three basic ingre-




log f(⊗n(;)F )− log f(~(p;n;;))

: (24)
Using Eq. (19) and the fact that p(; ) > 0 when F > 1d ,
we will show that
8 > 0; 8 > 0; jz;j  g(; ): (25)
where g(; ) is some function for which
8 > 0; lim
!0
g(; ) = 0: (26)
If for all  and  we have a nite n(; ), Eq. (25) follows
directly from Eq. (19) and continuity of f . However it
is likely that for  ! 0 and  ! 0, the number of copies
n(; ) for which the minimum E1 is reached becomes in-
nite. In that case, the value log f( 2 Hdn(;)⊗Hdn(;))
lies in the interval (−1; 1]. However,












where we used f( 2 Hd ⊗Hd)  1d2 . From Eq. (18) we
have




  + 1
E1
: (28)
With Lemma 3, it follows that for a xed d and xed F
larger than 1d by some amount, say, F − 1d = F > 0, E1
is bounded away from zero by some amount h(F ), i.e.
E1  h(F ) and thus
8 > 0; 8 > 0; n(; )
p(; )
  + 1
h(F )
: (29)







p(;) in Eq. (27) is bounded
for all  > 0 and  > 0.
Since g(; ) asymptotes to 0 for small enough  there
will be an  depending on , let us call it , such that
8 > 0; 9 > 0; jz;j  g(; )  : (30)
On the other hand, we can combine Eqs. (20) and (23)
to nd that




Now we use the fact that E1  H(~min). This is true
because we can always make ⊗nF by taking n copies of
j ~mini and doing n independent twirls (dened in Eq.
(13)) on these states. Thus there is an LO+CC proce-
dure which converts n copies of j ~mini to ⊗nF . In the
denition of E1 we started with maximally entangled
two-qubit states, but we can use an entanglement dilu-
tion scheme [?,?] through which p ! nH(~min) EPR
pairs can be converted by LO+CC to an arbitrarily high
delity approximation of n copies of j ~mini for n!1.
Note that this also implies that E1(F )  H(~min), since
we can make F from a convex mixture of pure states






Eq. (18) with x;  E1n(;)p(;) − 1 reads
8 > 0; 8 > 0; jx;j  : (33)
From E1  H(~min) and Eq. (31) it follows that
8 > 0;  > 0; z;  y;  x;: (34)
Therefore with Eqs. (30) and (33) we have that for all
 > 0, there exists an  > 0 such that
−  x;  y;  z;  : (35)
This implies that jx; − y;j  2 for all  > 0. Thus
8 > 0; jE1 −H(~min)j  2 p;
n;
: (36)
We use Eq. (28) to bound
8 > 0; jE1 −H(~min)j  2E11−  
2 log d
1−  ; (37)
and it follows that E1 = H(~min), and thus E1(F ) =
H(~min)  E1(F ) which together with Eq. (4) implies
E1(F ) = E1(F ). 2
For F -states in dimensions higher than 22 this proof
also shows that the entanglement of formation E1(F ) is
given by H(~min):
Corollary 1 The entanglement of formation E1(F ) =
E1(F ) of F in Hd ⊗Hd (d  2) is given by








where ~ is a Schmidt vector.
For arbitrary two-qubit density matrices, this proof
will not go through. The reason is that although we can
bound the maximally entangled fraction as in Eq. (23),










rather than Eq. (21), can be strictly less than the en-
tanglement of formation E1() and therefore Eq. (34)
will not hold, since E1 is not necessarily smaller than or
equal toH(~min). However, for all two-qubit density ma-
trices for which the vector ~ determined by Eq. (39) does
indeed correspond to E1(), the proof will go through,
since we also have that the distillable entanglement D()
is nonzero for all entangled two-qubit density matrices 
[?]. Examples of such two-qubit density matrices are the
mixtures of Bell states [?], i.e. E1(Bell) = E1(Bell).
The value E1(F ) = E1(F ) forms a lower bound
on the asymptotic entanglement of formation for a large
class of states, namely, for all states  2 Hd ⊗ Hd such
that f() = F , we have that E1()  E1(F ). This fol-
lows from twirling, Eq. (13), the density matrix  to the
density matrix F which leaves f() = F invariant. This
bound will in general be better than the known bounds
based on E1()  D() since all known distillation pro-
tocols [?,?] rely on twirling to an F -state.
This method of achieving a lower bound on E1 will
fail for bound entangled density matrices [?], for which
D() = 0. The reason is that under twirling these density
matrices will become separable; if this were not the case,
then by Lemma 3 it would be possible to distill entan-
glement out of these states. Thus for bound entangled
density matrices it is still possible that E1 is nonadditive
and even E1() = 0.
We can make a couple of nal speculations about how
these results generalize to (1) arbitrary two-qubit sys-
tems and (2) higher dimensional systems. It seems likely
that one can establish additivity of the entanglement of
formation for two qubits once we get a better grasp of the
structure of ~-positive maps on 2 dimensional systems.
On the other hand, for higher dimensions it is not clear
whether there is some connection between the entangle-
ment of formation and the sets S~ and, on top of that,
we do not know very much about positive maps in higher
dimensions. The presence of bound entangled states in
higher dimensions illustrates the case.
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